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We generalize the application of small polaron theory to ultracold gases of Ref. [21] to the case of
Bose-Fermi mixtures, where both components are loaded into an optical lattice. In a suitable range of
parameters, the mixture can be described within a Bogoliubov approach in the presence of fermionic
(dynamic) impurities and an effective description in terms of polarons applies. In the dilute limit
of the slow impurity regime, the hopping of fermionic particles is exponentially renormalized due to
polaron formation, regardless of the sign of the Bose-Fermi interaction. This should lead to clear
experimental signatures of polaronic effects, once the regime of interest is reached. The validity
of our approach is analyzed in the light of currently available experiments. We provide results
for the hopping renormalization factor for different values of temperature, density and Bose-Fermi
interaction for three-dimensional 87Rb−40 K mixtures in optical lattice.
PACS numbers: 67.85.Pq, 63.20.kd, 67.85.Hj, 37.10.Jk
I. INTRODUCTION
Polaron physics and, more in general, electron-phonon
interactions are one of the most influential areas of mod-
ern condensed matter physics
and are believed to play a major role in the physics
of High-Tc superconductors [1, 2] and strongly correlated
materials.
Ultracold gases, on the other hand, allow for the inves-
tigation of open issues in condensed matter using clean
and highly tunable systems (see e.g. [3],[4] and [5]). In
the context of polaron physics, the so-called spin-polaron,
i.e. a single spin down impurity immersed in a Fermi
sea of spin up particles has been realized as the extreme
limit of imbalanced Fermi mixtures wheneverN↑/N↓ ≫ 1
and a remarkable agreement between theory [6, 7] and
experiments [8, 9] has been achieved. The original po-
laron problem [10] deals however with fermionic particles
(electrons) interacting with lattice vibrations (phonons),
which obey the bosonic statistics, and is therefore some-
how closer to the physics of Bose-Fermi mixtures.
Bose-Fermi mixtures have been widely investigated
during the last few years both theoretically [11–13] and
experimentally [14–16]. The main focus however has
been on the effect of the fermionic component of the mix-
ture on the coherence properties of the bosonic conden-
sate and on the superfluid-to-Mott insulator transition.
In addition theoretical efforts were devoted to investi-
gate the emergence of supersolid and other exotic phases
[12, 13].
In a strongly imbalanced mixture ofNB bosons andNF
spinless fermions with NF /NB ≪ 1, the dilute fermionic
particles act as dynamic impurities in the bosonic con-
densate. On the other hand, if one focuses on the
fermionic component, the experimental setup closely re-
sembles the polaronic problem in condensed matter, since
fermionic atoms interact with phononic excitations of the
condensate. Again, the main advantage of ultracold gases
is that both the relative densities of the components and
their mutual interactions can be tuned much more easily
and to a larger extent than the corresponding condensed
matter case. The extreme imbalanced limit allows for
example to neglect the interactions between different po-
larons and address the single polaron regime with relative
simplicity.
A remarkable achievement in this direction has been,
e.g., the recent experiment performed by the Bloch group
[16], where a lattice Bose-Fermi mixture of 87Rb −40 K
was studied, exploiting an interspecies Fano-Feshbach
resonance to tune the Bose-Fermi scattering length aBF
and varying the relative densities NF /NB of the species.
This allowed to study the effect of the interspecies inter-
action and of the population imbalance between bosons
and fermions on the transition from superfluid to Mott
insulator in a very controlled way.
A theoretical description of one-dimensional Bose-
Fermi mixtures in terms of a Luttinger liquid of polarons
has been proposed in [17], while the problem of polaron
formation for a single impurity immersed in a homoge-
neous condensate has been studied in [18] and more re-
cently in [19]. Other works addressed the emergence of
polarons in the context of cold atoms in optical lattices
[20, 21]. They considered bosonic impurities loaded in
an optical lattice and the whole system immersed in a
large condensate of a different bosonic species. Only the
impurities were affected by the lattice, allowing for an ar-
bitrary slowing down of the impurities without perturb-
ing the condensate (see Section III for further details).
This scenario could in principle be realized in experi-
ments using a species-selective optical lattice. However
this kind of setup, to our knowledge, has not yet been
applied to Bose-Fermi mixtures, although several exper-
imental schemes have been proposed [22] and species-
selective lattices have already been successfully applied
to Bose-Bose mixtures [23, 24]. In current experiments
on Bose-Fermi mixtures in optical lattices, like e.g. in
Ref. [16], both species are affected (though to a different
extent) by the same optical lattice. In the latter case
the tunneling properties of both species are intrinsically
connected to each other, and the properties of the Bo-
2goliubov modes of the condensate and their coupling to
the fermionic particles are modified by the lattice.
For these reasons, in this work we generalize the the-
ory developed in Ref. [21] to the case where both the
fermions and the bosons move in the same optical lat-
tice. Despite the presence of the lattice, we show that, in
a suitable parameter regime, the bosonic condensate still
sustains phonon-like excitations and the general frame-
work developed for the homogeneous case in Ref. [21]
still applies. We find that fermionic particles are expo-
nentially slowed down by the interaction with the Bogoli-
ubov modes of the condensate, due to polaron formation.
We also discuss the relevance of our approach to current
experiments on Bose-Fermi mixtures, analyzing the as-
sumptions we made in order to derive our theory. For
the specific case of a 87Rb−40 K mixture, we provide re-
sults for the polaronic hopping renormalization of a sin-
gle fermionic impurity in several experimental setups, i.e.
for different values of the bosonic density, lattice depth,
Bose-Fermi scattering length and temperature. This ef-
fect can actually be measured by looking at the expan-
sion of the fermionic component of the mixture in a lat-
tice when the trapping potential is suddenly removed and
NF /NB ≪ 1 [25].
The layout of the paper is the following: in the next
section we explain how under suitable conditions a Bose-
Fermi mixture can be effectively described in terms of
polarons and derive an expression for the fermionic hop-
ping renormalization due to polaronic effects. In Section
III we analyze our assumptions within a generic experi-
mental setup for Bose-Fermi mixtures in optical lattices.
Results for the fermionic hopping renormalization in a
87Rb−40 K mixture are provided in Section IV. Conclu-
sions are drawn in Section V.
II. THEORY
A. Gross-Pitaevskii theory for static impurities
The derivation of this Section follows closely the one in
Ref. [21], generalizing it to the case where single hyper-
fine states of a bosonic and fermionic species are loaded
together into an optical lattice generated by counter-
propagating laser beams of wavelength λ and frequency
ωL. For far off-resonant laser beams, the atoms expe-
rience a potential VB/F = V
0
B/F
∑D
i=1 sin
2(πxi/l) with
V 0B/F = sB/FE
B/F
r , where E
B/F
r =
4π2
2mB/Fλ2
(~ = 1) is
the bosonic (fermionic) recoil energy, sB/F denotes the
dimensionless lattice depth for bosons and fermions in
the respective recoil energy and l = λ/2 is the lattice
spacing, which we use as a unit length. We choose the
fermionic recoil energy EFr as energy unit throughout
the paper.
The effect of the trapping potential is neglected and we
postpone a thorough discussion about the correctness of
our assumptions to the next section. The system under
investigation is assumed to be described by a single band
Bose-Fermi Hubbard model, with the Hamiltonian
Hˆ = HˆB + HˆF + HˆBF where (1)
HˆB = −JB
∑
<i,j>
(bˆ†i bˆj + h.c.)− µBNˆB
+
UBB
2
∑
i
nˆBi (nˆ
B
i − 1) (2)
HˆF = −JF
∑
<i,j>
(cˆ†i cˆj + h.c.)− µF NˆF (3)
HˆBF = UBF
∑
i
bˆ†i bˆicˆ
†
i cˆi (4)
The fermions do not interact (directly) with each other.
However, as we will see later, they can still interact via
boson-mediated interactions, a situation which is very
similar to the BCS model for standard superconductiv-
ity, where phonons mediate the attractive interactions
between the electrons. We consider first the case JF = 0,
where the fermions act as a set of static impurities on
the bosonic system and their position is specified by
the (discrete) distribution function fi. We assume that
the bosonic system in the presence of impurities can be
treated within Bogoliubov theory, meaning that we con-
sider the solution of the Gross-Pitaevskii (GP) equation
in the presence of impurities and quantize the oscilla-
tions around the classical deformed ground state. If the
fermionic impurities were absent (fi = 0 ∀i or equiv-
alently UBF = 0), then for the unperturbed system of
bosons we can write the following GP equation by ap-
proximating the bosonic field operators with c-numbers
bˆi ≈ ψ0i and bˆ†i ≈ (ψ0i )∗ [26, 27],
− JB
∑
j∈nni
ψ0j + UBB|ψ0i |2ψ0i = µBψ0i (5)
where the sum in the first term runs over the nearest
neighbors of the lattice site i. In the case of a uniform
system (in the lattice), this equation is trivially solved
by ψ0i =
√
n0 and µB = UBBn0 − zJB, where z is the
coordination number of the lattice and n0 is the den-
sity of particles per lattice site in the fully condensed
state described by the classical GP theory (no quantum
depletion of the condensate). In the presence of static
fermionic impurities (JF = 0), the previous result has to
be modified because the condensate macroscopic wave-
function is distorted by the impurities. If this distortion
is sufficiently small then we can expand the classical field
around the unperturbed solution, i.e. bˆi ≈ ψ0i + δi and
keep only the leading non-zero terms in the fluctuation
δi. This approximation is valid if
|δi|
ψ0i
≪ 1 and in this case
the GP Hamiltonian has the form HGP = H0+Hδ+Hlin
3where :
H0 =−JB
∑
<i,j>
[(ψ0i )
∗ψ0j + h.c.]− µB
∑
i
|ψ0i |2
+
UBB
2
∑
i
|ψ0i |4 + UBF
∑
i
|ψ0i |2fi (6)
Hδ =−JB
∑
<i,j>
[δ∗i δj + h.c.]− µB
∑
i
|δi|2
+2UBB
∑
i
|δi|2|ψ0i |2
+
UBB
2
∑
i
(δ∗i |ψ0i |2δ∗i + δi|ψ0i |2δi) (7)
Hlin =UBF
∑
i
[ψ0i δ
∗
i + (ψ
0
i )
∗δi]fi (8)
where fi is the impurity distribution. The linear term
in the fluctuation δi in Hδ is identically zero because we
choose ψ0i as the solution of the unperturbed GP equa-
tion.
By imposing the first derivative of this expression with
respect to δ∗i to vanish and using the conditions ψ
0
i =√
n0 and −µB + UBBn0 = zJ , we obtain the following
GP equation for the fluctuation field δ
−JB
∑
j∈nni
δj + zJBδi+2UBBn0δi+UBF
√
n0fi = 0 (9)
This equation can be recast in the following form∑
j∈nni(δj − δi)
l2
−
(
2
ξ
)2
δi =
UBF
√
n0
JBl2
fi (10)
where we introduce the healing length of the condensate
ξ =
√
2JB
UBBn0
l (11)
Therefore the GP equation for the fluctuation field δi
has the form of a discrete modified Helmholtz equation
where the impurity distribution acts as a source term.
For a weakly interacting condensate the healing length ξ
is larger than the lattice spacing l and we can consider
the continuum limit of Eq. (10) applying the same con-
siderations discussed in [21]. The healing length ξ fixes
the typical scale for the variation in space of the fluctu-
ation field δi due to the impurities. This means that the
perturbation induced in the condensate by the impurities
decays exponentially in space with the healing length ξ
and the condition |δi|
ψ0i
≪ 1 (small perturbation of the
condensate due to the impurities) implies (UBB > 0)
α =
|UBF |
UBB
1
n0ξD
=
|UBF |(UBBn0)D2 −1
(2JB)
D
2
≪ 1 (12)
where D is the dimension of the system under consider-
ation. Using the solution of Eq. (10), the GP Hamil-
tonian provides the classical value of the ground state
energy as a function of the impurity distribution fi, i.e.
E = Ecl(fi).
B. Bogoliubov corrections
In the previous subsection we considered how the clas-
sical condensate is distorted in the presence of static im-
purities without including any quantum effects. We now
consider the Bogoliubov excitations on top of the classi-
cal theory, decomposing the bosonic quantum operators
in a classical and a quantum part, i.e. bˆi = ψi+ θˆi where
ψi = ψ
0
i + δi is the solution of the GP equation described
above. If we insert this expression in the Hamiltonian and
retain only the terms up to the second order in the fluc-
tuation fields, we obtain that all the linear terms in the
fluctuation fields (classical and quantum) disappear since
we have chosen the classical part as the solution of the
GP equation in the presence of impurities. Therefore the
Hamiltonian of the system has the form Hˆ = Hˆθ+E
cl(fi)
where
Hˆθ =−JB
∑
<i,j>
(θˆ†i θˆj + h.c.)− µB
∑
i
θˆ†i θˆi
+2UBB
∑
i
θˆ†i θˆi|ψ0i |2
+
UBB
2
∑
i
(
θˆ†i (ψ
0
i )
2θˆ†i + θˆi(ψ
0
i )
2θˆi
)
(13)
As evident from the expression above, the quantum part
of the Hamiltonian is independent of the impurity dis-
tribution and only depends on the unperturbed classical
ground state through ψ0i . The quadratic Hamiltonian Hˆθ
can be diagonalized using a Bogoliubov transformation
(see [28] for a general treatment) and we can re-express
Hˆθ in terms of the Bogoliubov modes of the condensate.
This can be done introducing the following transforma-
tion which express the original bosonic fluctuation oper-
ators θˆ in term of new bosonic operators βˆ and βˆ†, i.e.
θˆi =
′∑
k∈FBZ
uk,iβˆk + v
∗
k,iβˆ
†
k (14)
where the sum runs over the quasimomenta k of the lat-
tice within the first Brillouin zone (FBZ) and k = 0
(the condensate) is excluded from the sum. To make
Hˆθ quadratic the coefficients uk,i and vk,i have the form
uk,i =
1√
Ns
eik·Riuk vk,i = 1√Ns e
ik·Rivk (15)
uk =
√
ǫ∗
k
+UBBn0
~ωk
+ 1 vk =
√
ǫ∗
k
+UBBn0
~ωk
− 1 (16)
where ǫ∗k = ǫk + zJB = 2JB
∑D
i=1(1 − cos (kil)) ≥ 0
is the (shifted) single particle spectrum in tight-binding
approximation, ~ωk =
√
ǫ∗k(ǫ
∗
k + 2UBBn0) is the energy
of the Bogoliubov mode [26, 27] and Ns is the number
of lattice sites. The major difference in these expressions
with respect to the continuum case treated in [21] is that
the FBZ provides a natural cut-off for the single-particle
energy and therefore also for the energy of the Bogoliubov
modes. In Fig. 1 we sketched for comparison the shifted
4a)
b)
FIG. 1. (a) Shifted single particle dispersion ǫ∗k and (b) Bo-
goliubov spectrum ~ωk in the kz = 0 plane for D = 3 and
JB = 0.029, UBB = 0.11, UBF = 0.065, n0 = 1. Energies
are expressed in units of the fermionic recoil energy EFr and
momenta in units of l−1, where l is the lattice spacing.
single-particle spectrum ǫ∗k and the energy spectrum ~ωk
of the Bogoliubov modes.
Once expressed in terms of the Bogoliubov operators,
the Hamiltonian of the system is diagonal and assumes
the form
Hˆstat = Ecl(fi) + ∆E
q + Hˆβ Hˆβ =
′∑
k∈FBZ
~ωkβˆ
†
kβˆk
(17)
where ∆Eq is the quantum correction to the classical
ground state energy due to the zero-point motion of Bo-
goliubov modes.
As already noticed in [21], since the Bogoliubov Hamil-
tonian (13) does not depend on the impurities distribu-
tion, this means that the Bogoliubov spectrum is unaf-
fected by the position of the impurities and we have the
same oscillation frequencies which we would have in the
absence of the impurities. The equilibrium position of
these condensate oscillations are however shifted by the
presence of impurities. Since the Bogoliubov spectrum
does not depend on the impurity positions, we can also
switch the order of the steps in the preceding derivation
and calculate the Bogoliubov theory around the unper-
turbed ground state (no impurities), which is given by
the assumption bˆi = ψ
0
i + θˆi and keeping only terms up
to second order in the fluctuation fields θˆi. In this case we
obtain the same expression as before for the Bogoliubov
part while the classical part is not anymore the solution
of GP equation in the presence of impurities. The Hamil-
tonian operator now has the form Hˆ = Eψ0 + Hˆθ + Hˆlin,
where
Hlin = UBF
√
n0
∑
i
fi[θˆ
†
i + θˆi] (18)
and Eψ0 is a c-number. Using the Bogoliubov transfor-
mation (14), we get in terms of the Bogoliubov modes
Hˆ = Eψ0 + Hˆθ + Hˆlin (19)
Hθ =
′∑
k∈FBZ
~ωkβ
†
kβk (20)
Hlin =
∑
i
′∑
k∈FBZ
~ωk[Mi,kβk +M
∗
i,kβ
†
k]fi (21)
where
Mi,k =
UBF
√
n0
~ωk
(uk,i + vk,i) =Mke
ik·Ri (22)
and
Mk = UBF
√
n0ǫ∗k
Ns(~ωk)3
(23)
In this case the new bosonic operators annihilate
Bogoliubov excitations around the unperturbed ground
state and therefore do not annihilate the real vacuum
defined above which is distorted by the impurities. This
leaves us with a generalized Holstein model with phonons
coupled to the fermionic density [29, 30]. The main dif-
ference with respect to the original Holstein model is that
here we have a continuum of phonons instead of a single
phononic mode. The high-energy phonon contribution
in this expression is cut-off due to the FBZ, while in the
continuum case [21] the physical cut-off is provided by
the inverse of the typical localization length of the impu-
rities in the Wannier states, which appears explicitly in
the matrix elements M (see subsection IID). For static
impurities this Hamiltonian can be diagonalized by intro-
ducing a unitary Lang-Firsov [31] transformation which
shifts the equilibrium position of the condensate around
the places where the impurities are localized
Uˆ = exp

∑
j
′∑
k∈FBZ
(
M∗j,kβˆ
†
k −Mj,kβˆk
)fj (24)
This makes the Hamiltonian diagonal in the bosonic op-
erators recovering Eq. (17).
C. Slowly moving impurities
If JF is not zero, i.e. if the impurities can move through
the lattice, then the problem is not fully solved using
(24). However the Lang-Firsov transformation provides
5physical insight on how to proceed. Indeed, introducing
now the fermionic operators cˆi and cˆ
†
i , we can repeat the
steps above by simply replacing the density distribution
fi with the density operator nˆi = cˆ
†
i cˆi everywhere. The
Lang-Firsov transformation now acts simultaneously on
fermionic and bosonic degrees of freedom
Uˆ = exp

∑
j
′∑
k∈FBZ
(
M∗j,kβˆ
†
k −Mj,kβˆk
)nˆj (25)
Using the Baker-Hausdorff formula it is possible to show
that Uˆ βˆ†kUˆ
† = βˆ†k −
∑
j Mj,knˆj , Uˆ nˆjUˆ
† = nˆj and
Uˆ cˆ†jUˆ
† = cˆ†jXˆ
†
j where the operator Xˆ
†
j creates a coherent
cloud of Bogoliubov modes around the position j, i.e.
Xˆ†j = exp
[ ′∑
k∈FBZ
(
M∗j,kβˆ
†
k −Mj,kβˆk
)]
(26)
The Lang-Firsov transformed Hamiltonian now has the
form
HˆLF= −JF
∑
<i,j>
(Xˆicˆi)
†(Xˆj cˆj)− µ˜NˆF − 1
2
∑
i6=j
Vi,j nˆinˆj
+
′∑
k∈FBZ
~ωkbˆ
†
kbˆk + E (27)
As already pointed out, the presence of Bogoliubov
modes induces (offsite) interactions between the impu-
rities. The interaction potential has the form
Vi,j = 2
′∑
k∈FBZ
~ωk|Mk|2 cos [k · (Ri −Rj)] (28)
Therefore even though spin-polarized fermionic impu-
rities do not interact directly with each other, their cou-
pling to the Bogoliubov modes of the condensate creates
an effective interaction between them. As shown in Fig.
(2), the interaction is always attractive (Vi,j > 0) regard-
less of the sign of the Bose-Fermi interaction and decays
very fast with the distance between the impurities. More-
over, during its motion, the impurity drags a Bogoliubov
cloud and this affects its kinetic energy, as evident from
the first term in Eq. (27). If the impurities are not mov-
ing (JF = 0), their energies are lowered by an amount of
energy which represents the potential energy gain due to
the interaction with the Bogoliubov cloud. This charac-
teristic energy scale for static impurities is the polaron
shift Ep, where
Ep =
′∑
k∈FBZ
~ωk|Mk|2 = U2BF
1
Ns
′∑
k∈FBZ
n0ǫ
∗
k
(~ωk)2
(29)
and µ˜ = µF + Ep in Eq. (27).
Whenever this energy scale is much larger than the
hopping parameter of the impurities, i.e.
ζ =
JF
Ep
≪ 1 (30)
FIG. 2. (Color online) Effective interaction potential Vi,j
between the impurities for (Ri − Rj)z = 0 and D = 3
(JB = 0.029, UBB = 0.11, UBF = 0.065, n0 = 1). The central
peak for i = j is proportional to the polaron shift (Vi,i = 2Ep).
Energies are expressed in units of EFr and lengths in units of
l.
we expect that the impurity and its surrounding cloud
will tunnel together like a composite object, i.e. they
form a polaron. The expressions (19,20,21) and their
Lang-Firsov transformed version (27) are in practice valid
even beyond the condition (30) (slow impurity regime),
while the results we derive below assume that impurities
are slow in the sense specified by Eq. (30). In this sense
this treatment is analogous to the the antiadiabatic limit
(fast phonons) of the small polaron theory introduced by
Holstein [29, 30] where the impurities move much slower
than the time taken by the coherent cloud to rearrange
itself. Here we would like to point out that in the expres-
sion (30), the bare fermionic hopping JF is not compared
with the bare bosonic hopping JB but with Ep which ex-
plicitly depends also on the Bose-Bose interaction and
the bosonic density. This is because in Bose-Fermi mix-
tures the excitations of the bosonic condensate and not
the original bosonic particles play the role analogous to
of phonons in the standard polaronic problem.
D. Single fermionic impurity in the strong coupling
small polaron regime
We consider now the case of a single fermionic impu-
rity immersed in a much larger BEC. In real experiments
this single polaron regime is realized whenever NB ≫ NF
such that (nF )
−1/D >> ξ/l, where nF = NF /Ns is the
number of fermions per lattice site. This implies that
the average interparticle distance is much larger than the
healing length of the BEC, so that also interactions in-
duced by the Bogoliubov modes can be neglected. For a
6single impurity the Lang-Firsov Hamiltonian becomes
H1−imp =
′∑
k∈FBZ
~ωkβ
†
kβk−JF
∑
<i,j>
(Xˆicˆi)
†(Xˆj cˆj))+E0
(31)
where E0 is a c-number. For JF = 0 the fermionic and
bosonic part are completely disconnected and the im-
purity can sit everywhere in the lattice with the same
energy. If JF is nonzero but ζ =
JF
Ep
≪ 1 the polaron is
the appropriate quasiparticle and the hopping term can
be treated as a small perturbation. We focus now on
the regime of temperature kBT ≪ Ep, where incoher-
ent phononic scattering is highly suppressed [21]. The
degeneracy of the Wannier states can be removed by in-
troducing Bloch waves labeled by k′ for the impurity and
considering
∆E(k′, {Nk})=〈k′, {Nk}|−JF
∑
<i,j>
(Xˆicˆi)
†(Xˆj cˆj)|k′, {Nk}〉
(32)
where {Nk} indicates the configuration of Bogoliubov
modes. This matrix element can be calculated using
standard techniques for phonons [10]. If we assume ther-
mally distributed phonons, we get that the bare hop-
ping of the impurity JF is exponentially renormalized to
JrF = JF e
−S and the renormalization factor S is given
by
S =
′∑
k∈FBZ
|M0,k|2[1− cos(k · a)](2Nk + 1) (33)
where Nk =
1
e~ωk/kBT−1 . Inserting the expression (22) of
the matrix elements M , one obtains that S(T, UBF ) =
U2BF f(T ), where
f(T ) =
1
Ns
∑
k∈FBZ
n0ǫ
∗
k
(~ωk)3
[1− cos(k · a)] (2Nk(T ) + 1)
(34)
In the practice, within this approach, the renormaliza-
tion factor S is proportional to the square of the Bose-
Fermi interaction UBF , while the factor f only depends
on the condensate properties. As evident from the ex-
pression above, S does not depend on the sign of the
Bose-Fermi interaction. This results in a Gaussian de-
pendence of the renormalized hopping on the Bose-Fermi
interaction, i.e. JrF = JF e
−U2BF f . The prefactor f , to-
gether with its dependency on the temperature T and
on other parameters like UBB, JB and n0, can then be
calculated independently and results will be presented in
Section IV for the 87Rb−40 K case.
All the results presented in this Section are expressed
in terms of the parameter n0, the density of particles in
the condensate. However a fixed value of n0 corresponds
to different values of the bosonic density nB, whenever
one changes the temperature T or the Hamiltonian pa-
rameters UBB, JB. In order to compare data with exper-
iments, the results have to be expressed in terms of the
FIG. 3. (Color online) Sketch of the renormalization factor S
as a function of Bose-Fermi coupling UBF and temperature T
(kB = 1) for fixed n0. Energies are expressed in units of E
F
r .
bosonic density nB and n0(T )|nB has to be calculated
selfconsistently, as explained in the next section. This
point is crucial for the understanding of the temperature
dependence of the S factor. For example, for fixed values
of n0, S increases with temperature due to the increas-
ing number of excited phonons, and therefore one would
expect that the minimal slowing of the impurities occurs
at T = 0, where only the zero point motion of the Bo-
goliubov modes contributes. At the same time however,
n0 decreases with T for fixed bosonic density nB and
the overall temperature dependence is determined by the
competition between thermal depletion of the condensate
and thermal excitation of the Bogoliubov modes. The en-
ergy spectrum of the Bogoliubov modes ~ωk acquires a
temperature dependence through n0(T )|nB which is miss-
ing in the standard condensed matter case, where an in-
creasing temperature only increases the phononic pop-
ulation and therefore the S factor [30]. This results in
a mayor difference between the condensed matter and
present case, and also suggests the existence of a richer
temperature dependence of polaronic effects in the Bose-
Fermi mixtures realization. Indeed, it is possible that
different mixtures (or even the same mixture for different
parameter range) show different slopes in S(T ) or even
a nonmonotonic behavior. A sketch of the dependence
of the renormalization factor S on T and UBF for fixed
n0 is drawn in Fig. 3. This would be the relevant case
whenever the depletion can be neglected in the range of
parameters under investigation and n0 ≈ nB. As shown
in Section IV, this is not the case for the 87Rb−40K setup
we considered. In any case it is worth noting that also at
T = 0 there is a sizable contribution to the S factor from
all the Bogoliubov modes with quasimomenta within the
FBZ.
Whenever the condensate is unaffected by the lattice,
e.g. in the case considered in [21], the Bogoliubov modes
are labeled like plane waves and the sum runs over all
the possible momenta q. In the lattice the FBZ provide
a natural cut-off to the high-energy phonons contribu-
tion, while the analogous role of the physical cutoff in
the continuum case is played by an additional exponen-
7tial decay of the matrix elements M for large momenta.
Indeed the matrix elementsM in the continuum case [21]
are given by
Mj,q ∝
√
n0ǫq
(~ωq)3
fj(q) (35)
where ǫq is the free-particle dispersion, ~ωq is the energy
of the Bogoliubov modes in the continuum [21],
fj(q) =
∫
dr|χj(r)|2 exp (iq · r) (36)
and χj(r) is the Wannier wavefunction of the impurity
localized at site j. Therefore M is proportional to the
Fourier transform with respect to the momentum −q of
the density profile of the impurity in a Wannier state.
Using a Gaussian approximation of the Wannier wave-
function, Eq. (36) reduces to
fj(q) ≈ (exp (−q
2σ2
4
))d exp (iq · r) (37)
where σ is the width of the Gaussian wavefunction.
Therefore the modulus of the matrix element M decays
exponentially for q ≪ qc = 1/σ. In a deep lattice typi-
cally σ ≪ l and the cut-off is much larger than the Bril-
louin zone. Therefore the continuum theory cannot be
used to address quantitatively the lattice case, not even
by introducing an effective mass me to take the lattice
in account. On the other hand a situation in which the
bosonic condensate is unaffected by the lattice would be
more favorable to realize the slow impurity regime de-
scribed above, since the impurity can be slowed down
arbitrarily without affecting the bosonic kinetic energy.
In current experiments on Bose-Fermi mixtures in a lat-
tice this is not the case as explained in the next section
and the hopping parameters JF and JB are related to
each other.
III. LIMITS OF VALIDITY OF THE THEORY
In this Section we analyze the assumptions we made
in deriving our approach within a generic experimental
setup for Bose-Fermi mixtures in optical lattices.
Since bosons and fermions are loaded into a single op-
tical lattice of frequency ωL, both species experience the
same laser intensity I and V 0B/F = αB/F (ωL)I, where
α(ωL) is the atomic dynamic polarizability at the laser
frequency. We define the dimensionless parameter
γ =
sB
sF
=
αB(ωL)mB
αF (ωL)mF
(38)
which rules the ratio between the lattice depth experi-
enced by bosons and fermions and therefore between their
kinetic energies. For fixed atomic species, γ can be varied
by changing the wavelength of the optical lattice.
In the presence of a interspecies Fano-Feshbach res-
onance, the Bose-Fermi scattering length aBF can be
tuned by a magnetic field B, while the Bose-Bose scatter-
ing length aB can be considered in practice as constant in
the same range of B. As already discussed previously, po-
larized fermions do not interact directly with each other.
In a real experiment, the atomic gas is confined in a
trapping potential, which is not included in our approach.
In the three-dimensional case and for sufficiently shallow
trapping potentials, our results can still be considered
locally in a LDA framework. The situation is very dif-
ferent in D = 2. In this case the trap radically modifies
the properties of the system, providing a cut-off to the
long-wavelength Goldstone modes, which would destroy
the condensate at any finite temperature in the homo-
geneous case. Therefore, even though formally our ap-
proach to the homogeneous setup in the two-dimensional
case is well defined at T = 0, the Bogoliubov treatment of
the bosonic component immediately breaks down at any
finite temperature in that case, and therefore we cannot
directly apply our findings to a two-dimensional setup.
In practice (quasi) two-dimensional systems are ob-
tained by strongly increasing the optical lattice in one
direction (e.g. in the z direction) such that the motion in
this direction is frozen and only the zero point motion has
to be considered [32]. Under this condition it is possible
to distinguish between two regimes. Whenever aB ≪ σz ,
where σz is the typical width of the onsite wavefunction
in the direction of the tight confinement, then the scat-
tering process is still essentially three-dimensional even
if the motion is essentially two-dimensional. In this case
the 3D scattering length can be safely used and the local
interaction U increases with the confinement in the z di-
rection since the overlap between the local wavefunctions
is increased. For the case aB ≤ σz a more refined treat-
ment is required [33]. In this case strong modifications
of the interaction both in modulus and sign can occur in
the system. The main feature of interest for the present
paper is that the confinement can actually be used to
further tune the interaction between the bosons in order
to access different regimes in Bose-Fermi mixtures. Even
though the existence of a real condensate has been pre-
dicted for the case of trapped (quasi-) two-dimensional
setups [34, 35] at low temperature, the application of the
Bogoliubov approach necessarily needs the trapping po-
tential to be explicitly included in the treatment. Since
in this case a full numerical solution of the corresponding
Bogoliubov theory is required, we postpone the analysis
of this interesting case to the future despite its intrin-
sic interest. On the other hand we expect the general
conclusions of the paper to be still valid also in a 2D
setup. For the reasons above, the approach is developed
in the general case, when possible, but only results for
the three-dimensional case are shown.
8Single band Bose-Fermi Hubbard model
Our first assumption is that the Bose-Fermi mixture
under investigation is described using the single-band
Bose-Fermi Hubbard model (1). This requires that
i) higher bands contributions, ii) non-local interaction
terms, and iii) next-nearest neighbors hopping terms
are negligible in the parameter range under investiga-
tion. The first condition is particularly crucial for the
bosonic component where the local density can take ar-
bitrarily large values. For deep enough optical lattices,
a Gaussian approximation can be used to estimate on-
site parameters for our model. In this approximation
Wj(x) =
∏D
i=1W
G
j (xi) where W
G
j (xi) is a Gaussian
wavefunction in one dimension (xi = x, y, z for D = 3)
localized around the site j of the optical lattice, i.e.
WGj (xi) = (πσ
2)−1/4 exp [−(xi −Rj)2/(2σ2)] (39)
where σB,F =
√
~/mB,FωB,F and ~ωB,F =
2EB,Fr
√
sB,F . In the same approximation
UBB =
4πaB
mB
(
π2sB
4
)D/4
(40)
UBF =
2πaBF
mr
(
π
s
−1/2
B + s
−1/2
F
)D/2
(41)
where we have set (EFr = ~ = l = 1) and mr =
1/(m−1B + m
−1
F ), and a δ-like pseudopotential has been
used to model the interaction between particles. The
Gaussian approximation provides a very poor estimate
of the hopping parameter, which can be expressed in a
simple way for deep enough lattices (large s) using the
asymptotic solution of the Mathieu equation [36]
JB/F /E
B/F
r =
4s
3/4
B/F√
π
exp [−2√sB/F ] (42)
In practice however this formula applies with reasonable
accuracy only for s ≥ 10, while for smaller s values the
hopping term is overestimated and a direct numerical
evaluation of the hopping parameter is required. Consis-
tency with the model (1) requires [11]
aBF , aB ≪ σB,F ≪ l & UBB
2
nB(nB − 1)≪ ~ωB (43)
These conditions are reasonably well satisfied in prac-
tice if the onsite density of bosons nB is not too large.
For increasing lattice depth s, the hopping parameter
J decreases exponentially, while the interaction term is
slightly increased because of the increasing onsite overlap
of the Wannier orbitals. It is important to point out that
since both species move in the same optical lattice, the
following relation applies for large sF and fixed γ:
JF
JB
=
mB
mF
γ−(3/4) exp [(2 ∗ √sF )(
√
γ−1)] (44)
and therefore the ratio JF /JB is not constant for fixed γ
but still depends on the lattice depth sF .
Bogoliubov approach
Our approach is based on the possibility of describing
the bosonic component of the mixture in the presence
of static or slowly moving impurities within Bogoliubov
approach. This requires in general that neither quantum
nor thermal fluctuations are strong enough to substan-
tially deplete the condensate, i.e. the condensate fraction
φ = N0/NB ≤ 1 (45)
needs to be close to 1.
The parameter α introduced in Eq. (12) quantifies
the effect of the impurities on the condensate wave-
function, such that if α ≪ 1 we can expand the GP
equation around the unperturbed solution in the ab-
sence of impurities. It is worth mentioning that α is
markedly dependent on the dimension of the system since
α3D =
|UBF |(UBBn0)
1
2
(2JB)
3
2
, while α2D =
|UBF |
2JB
, i.e. α is inde-
pendent of the Bose-Bose interaction UBB and the con-
densate density n0 in D = 2. The condition α ≪ 1
provides a constraint to the maximum value of the Bose-
Fermi interaction where our theory can still safely ap-
plied. Indeed we have


|UmaxBF | = 2JB in D = 2
|UmaxBF | = (2JB)
3
2
(UBBn0)
1
2
in D = 3
(46)
Strictly speaking, however, the condition α > 1 does
not imply that the bosonic condensate cannot be de-
scribed anymore within the Bogoliubov approach but
only that the distortion of the condensate wavefunction
due to the impurities is sizable and a full solution of the
GP equation in the presence of impurities is required.
In this sense we would expect that for |U | > UmaxBF our
theory still qualitatively applies, being however not any-
more quantitatively accurate, if the condensate fraction
φ of the mixture is close enough to 1. Whenever φ is in-
stead much smaller than 1, the Bogoliubov modes are not
anymore the appropriate quasi-particles to describe the
bosonic system and an alternative treatment is needed.
As discussed in Section II, the Bogoliubov spectrum in
our approach does not depend on the impurity distribu-
tion and therefore the properties of the Bogoliubovmodes
can be estimated by applying the Bogoliubov approach
for the pure system. The condensate density n0 is in gen-
eral unknown and has to be calculated self-consistently
within Bogoliubov theory for a given density nB and tem-
perature T . This requires adding one more equation to
our approach, i.e. the number equation of Bogoliubov
theory in the condensed phase [26]
nB = n0 + (47)
1
Ns
′∑
k∈FBZ
(
ǫ∗k + UBBn0
~ωk
Nk(T ) +
ǫ∗k + UBBn0 − ~ωk
2~ωk
)
9which we solve numerically. As already discussed above,
strictly in the homogeneous two-dimensional case, the
Hohenberg-Mermin-Wagner theorem predicts that ther-
mal fluctuations destroy the condensate for arbitrarily
low-temperatures and Eq. (47) cannot be used for finite
T in D = 2.
ζ parameter
For α ≪ 1 and φ ≈ 1 the condensate in the presence
of static impurities can be safely described within the
Bogoliubov approach presented in Section II. Moreover
within these approximations the Hamiltonian description
given in Eq. (27) applies also to the case of mobile im-
purities. However, in order to obtain a simple expression
for the renormalization factor S in the single impurity
case, we had to assume that the fermionic hopping JF is
much smaller than the polaron shift Ep (ζ ≪ 1), where
Ep has to be calculated from the theory. According to
the definition given in Eq. (29), the polaron shift is given
by Ep = U
2
BF g, where
g =
1
Ns
∑
k∈FBZ
n0ǫ
∗
k
(~ωk)2
(48)
and only depends on the properties of the bosonic compo-
nent. Therefore since the polaron shift increases with the
modulus of the Bose-Fermi interaction UBF , the condi-
tion ζ ≪ 1 limits the minimum value of the Bose-Fermi
interaction for which the formalism can be applied to
|UBF | ≫ |UminBF | =
√
JF
g
Motivated by the large number of parameters present
in the theory, we summarize the range of parameters
where our approach can be applied by introducing the
ratio
R = |U
max
BF
UminBF
| = |a
max
BF
aminBF
| (49)
such that for R > 1 there is a window of parameters
where our approximations can be simultaneously satis-
fied. Intuitively the condition ζ ≪ 1 requires that the
fermionic impurities move much slower than the typi-
cal time taken by the phononic cloud to rearrange itself.
Therefore in general small values of the fermionic hop-
ping JF and γ are more favorable to our approach, mean-
ing that mixtures where the bosons move faster than the
fermions would be in general a better choice to reach
the regime under investigation, even though the energy
scales involved also crucially depend on the interaction
UBB and on the density nB of the condensate.
IV. HOPPING RENORMALIZATION IN A
THREE-DIMENSIONAL 87Rb−40 K MIXTURE
To be more concrete in this Section, we refer to
the most commonly studied Bose-Fermi mixture, i.e. a
87Rb−40Kmixture loaded into an optical lattice in an ex-
perimental setup similar to the one used in Ref. [16]. For
87Rb−40K close to the interspecies Feshbach resonance,
the bosonic scattering length is aB ≈ 100a0 = 5.3nm,
where a0 is the Bohr radius. Increasing values of the
Bose-Bose scattering length are generally unfavorable to
our approach, since this increases both α and ζ (Eqs. (12)
and (30)) and decreases the condensate fraction φ (Eq.
(45)), if the other parameters stay unchanged. We found
that smaller values of the Bose-Bose scattering length
substantially enlarge the range of parameters where our
approach is quantitatively valid. This suggest that dif-
ferent mixtures with smaller aB, like the
6Li−23Na mix-
ture theoretically studied in [19] (aB ≈ 53a0 = 2, 8nm
for 23Na [37]), could be even better candidates to real-
ize the regime under investigation, if loaded into optical
lattices. Since, however, experimental data about lattice
Bose-Fermi mixtures involving those species are not yet
available to the best of our knowledge, we decided in this
work to focus on the 87Rb −40 K mixture and postpone
the analysis of other mixtures to future publications.
As explained in the previous section we only present
results for the caseD = 3, and we first focus on the T = 0
case. Due to the large value of the Bose-Bose scattering
length, we have to restrict our analysis to rather small
values of the parameter γ, i.e. γ = 1/3, 1/2, where the
bosons are substantially faster than the fermions [38].
Results are summarized in Fig. 4.
As evident in Figs. 4a and 4b for both setups the con-
densate fraction φ is relatively large and for γ = 1/3 is
always above 90%. Small values of the lattice depth are
in general favorable to the consistence of Bogoliubov ap-
proach since for a given aB the bosonic system is less
correlated. However sF cannot be reduced at will in or-
der to stay in a parameter regime where the Hamiltonian
in Eq. (1) applies. For γ = 1/2 the quantum depletion
of the condensate is much larger and only for the lowest
lattice depth under investigation (sF = 10− 12) the con-
densate fraction is above 0.9. Considering the parameter
R defined in Eq. (49) in Figs. 4c and 4d, it is evident that
only for γ = 1/3 there is a sizable window of parameters
where our approach is quantitatively valid, i.e. R > 1.
We however realized that the strongest limitations arise
from the condition α ≪ 1, which constrains the max-
imum value of the Bose-Fermi interaction, rather than
ζ ≪ 1. As discussed in the previous section, whenever
α≪ 1 is violated but the Bogoliubov approach is still ex-
pected to apply, we expect our results to be qualitatively
valid and therefore show the results for γ = 1/2 in the
plot for comparison. Low bosonic densities and shallow
lattices are favorable to the theory. Indeed, by reduc-
ing the lattice depth sF , the range of densities where the
theory applies is substantially increased.
In Figs. 4e and 4f we plotted results for the parameter
f(n0(nB), sF )|T=0 defined in Eq. (34), recalling that the
renormalized hopping JrF is related to f by the simple
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FIG. 4. (Color online) (a-b) Condensate fraction φ, (c,d) R parameter, and (e,f) f factor, defined in Eqs. (45,49) and (34)
respectively, for two three-dimensional 87Rb−40 K setups with (a,c,e) γ = 1/3 and (b,d,f) γ = 1/2 as a function of the bosonic
density nB and of the lattice depth sF at T = 0. f is expressed in units of (E
F
r )
−2. The minimum value of the lattice depth
sF is chosen such that sB ≥ 5 in both cases.
relation JrF = JF e
−U2BF f . Both setups show a similar be-
havior of the f parameter, though the numerical values
are quite different for different setups and the data for
γ = 1/2 are only shown for comparison since R < 1 in
that case. For fixed (and small) values of the lattice depth
sF , f increases quite rapidly with the density nB and
then saturates. For larger values of sF instead, f shows
a maximum at intermediate densities and then slightly
decreases. However the decrease at large nB and sF and
the non-monotonic behavior could result also from a loss
of accuracy in our approach, since in that region of pa-
rameters R < 1 in both setups.
For finite temperature, we concentrate on a specific set
of parameters, i.e. we choose γ = 1/3, sF = 15 (sB = 5)
and low-density nB = 0.1, which is the regime where
our approach quantitatively applies in a larger parameter
range. In a real experiment where the hopping renormal-
ization is measured by observing the cloud expansion, the
11
FIG. 5. (Color online) Hopping renormalization JrF /JF for
nB = 0.1, γ = 1/3 and sF = 15 as a function of the Bose-
Fermi scattering length expressed in units of Bohr Radii a0
and of the temperature T expressed in units of fermionic recoil
energy EFr .
initial configuration of the gas would be inhomogeneous
due to the confining potential. This would mean that,
once the trapping potential is removed, different parts of
the fermionic cloud would expand in the lattice with a dif-
ferent renormalized hopping JrF due to local value of the
bosonic density nB. We found that the renormalization
factor S in general increases with increasing density nB,
which would imply that the edge of the cloud, where nB
is smaller, will expand faster. The results shown in Fig.
5 for the hopping renormalization JrF /JF as a function
of the temperature T and of the Bose-Fermi scattering
length aBF are representative of the experimental situ-
ation at the edge of an expanding cloud and provide an
upper bound for the renormalized hopping. The temper-
ature range is chosen such that T < Tmax = Ep(U
max
BF ),
where Ep is the polaron shift, and φ > 0.9. We ex-
pect our estimate to be quantitatively more accurate for
40a0 > |aBF | > 60a0.
As evident from Fig. 5, for fixed temperature the hop-
ping renormalization as a function of aBF takes in our
approach a Gaussian shape and the renormalized hopping
decreases with the modulus of the Bose-Fermi scattering
length, such that JrF /JF ≈ 0.95 for |aBF | ≈ 50a0 at the
border of the bosonic cloud (nB = 0.1). A much larger
renormalization effect is expected for larger densities.
The effect of the temperature is very small in the range
of parameters investigated and it is hardy visible in Fig.
5. We found that for fixed aBF the renormalization fac-
tor S slightly decreases (JrF /JF increases) with increasing
temperature, due to the dominant effect of the thermal
depletion of the condensate. This trend is opposite to
the one naively expected (see Fig. 3) and also in con-
trast with the condensed matter case, where S increases
with T [30]. It is maybe worth mentioning that for higher
densities (not shown) we found a nonmonotonic behavior
in JrF /JF (T ), due to the increasing relevance of the ther-
mal population of Bogoliubov modes at larger T . Since,
however, large densities are generally unfavorable to our
approach, this effect could result as well from a loss of
accuracy.
V. CONCLUSIONS
In this work we described the emergence of polaronic
effects in Bose-Fermi mixtures in optical lattices. Our
approach is closely related to Ref. [21] and is based on
using the Bogoliubov approach to describe the bosonic
component of the mixture, considering first static and
then slowly moving fermionic impurities. The main dif-
ference to the case addressed in Ref. [21] is that in our
case both species are substantially affected by the same
optical lattice, as in currently available experimental se-
tups. We showed that the effect of the optical lattice
on the bosonic condensate does not radically change the
main conclusions for the homogeneous case [39]. However
the range of experimental parameters where the approach
applies is substantially modified, whenever fermions and
bosons move through the same optical lattice, since their
hopping parameters JF and JB are related to each other.
For static impurities weakly coupled to the condensate
(α≪ 1), we have shown that an approximate treatment
of the GP equation for the condensate wavefunction is
possible and the Bogoliubov spectrum does not depend
on the distribution of the fermionic impurities. However
we expect the Bogoliubov treatment of the condensate in
the presence of impurities to be still valid for larger α val-
ues, provided the condensate fraction φ is large. Conse-
quently, our results are expected to be qualitatively valid
even beyond the regime α ≪ 1. We postpone a more
quantitative treatment of the the regime with larger α
and φ = O(1), which would require a fully self-consistent
GP + Bogoliubov approach, to a future work.
We derived an analytical expression for the hopping
renormalization of a single impurity in the regime ζ ≪ 1
(slow impurity). This effect can be measured in ex-
periments involving strongly imbalanced (NF /NB ≪ 1)
Bose-Fermi mixtures in optical lattice, by observing the
expansion of the fermionic cloud in the lattice when the
trapping potential is suddenly removed [25]. Within our
approach, the fermionic hopping in this regime is ex-
ponentially renormalized due to polaron formation, i.e.
JrF = JF e
−S . In the relevant parameter range, the renor-
malization factor S is found to be proportional to the
square of the Bose-Fermi interaction. Therefore we ex-
pect for JrF a Gaussian dependence on the Bose-Fermi in-
teraction UBF (or equivalently aBF ) and no dependence
on the sign of UBF (aBF ). This would lead to very strong
experimental signatures of polaron physics once the con-
sidered regime is reached.
The temperature dependence of the renormalization
factor S results from a competition between the thermal
depletion of the condensate, which induces a temperature
dependence on the Bogoliubov spectrum ~ωk through the
condensate density n0(T )|nB , and the thermal population
of phononic modes. This dependence of the phononic
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spectrum on the temperature is missing in the standard
condensed matter case, where the renormalization factor
S always increases with T .
In order to provide a better connection with experi-
ments, we discussed the relevant parameter regime for a
three-dimensional 87Rb −40 K mixture in an optical lat-
tice. Due to the large value of the bosonic scattering
length aB, we have considered setups where JF ≪ JB
and low bosonic densities. We found a sizable renormal-
ization effect already for nB = 0.1. For a fixed value of
the Bose-Fermi scattering length aBF , the temperature
dependence of the renormalized hopping is found to be
opposite to the one naively expected. The renormaliza-
tion factor S slightly decreases for increasing T , being
dominated by the thermal depletion of the condensate
rather than by the increasing phononic population. This
represent a mayor difference with the standard condensed
matter case.
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